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Abstract. In this paper we localize some of Watanabe's results on fractional Wiener 

r^ . . functionals, and use them to give a precise estimate of the difference between two 

p I I Donsker's delta functionals even with fractional differentiability. As an application, the 

^ i convergence rate of the density of the Eulcr scheme for non-Markovian stochastic differ- 

■4-J ' ential equations is obtained. 



^ ■ 1. Introduction 

^ , During the last years the analysis on Wiener functionals with fractional smoothness 

C^ \ in the sense of Malliavin calculus has drawn increasing attention. There are two ways 

"^ ' to define fractional order Sobolev spaces as intermediate spaces between the Sobolev 

^ ■ spaces with integer differential index. One way is the complex interpolation method. It 

-.^ ! makes use of fractional powers of the Ornstein-Uhlenbeck operator, and we denote these 

fractional order Sobolev spaces by ©^, p > 1, a G M. The spaces D^ are natural and 
typical ones which corresponds to Bessel potential spaces in classical analysis. However, 
it is not easy to see that the space ©^ with < a < 1 is invariant under the composition 
^ ! with Lipschitz functions. To circumvent this difficulty, Watanabe [20] introduced real 






interpolation fractional order Sobolev spaces on Wiener spaces by using the trace method. 
Then an equivalent method, the i^- method, was used in Airault, Malliavin and Ren [2j to 
study the smoothness of stopping times of diffusion processes. The advantage of the K- 
method is that it describes explicitly how well one can approximate a fractionally smooth 
Wiener functional by a sequence of smooth functionals. For the equivalence between the 
trace method and the i^-method, we refer to [T^ Chap. 1]. Also it should be mentioned 
that later Hirsch [9j proved that the complex interpolation fractional order Sobolev spaces 
are in fact invariant under the composition with Lipschitz functions, too. 

The aims of the present paper are, roughly speaking, to study local versions of some 
of the results of |20] and to investigate their applications in the Euler scheme of non- 
Markovian stochastic differential equations. In particular, we establish a precise estimate 
of the difference between two Donsker's delta functionals in terms of fractional order 
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Sobolev norms, and, as a consequence, we then dominate the difference between two 
conditionaf expectations in the sense of Holder norms. 

The Euler scheme is an useful tool in the numerical simulation of solutions of stochastic 
differential equations, and has theoretical value as well. Let (X(-)) be the the unique 
solution to 

X{t)=x+ f b{s,X{s))ds+ f a{s,X{s))dW{s), (1) 

Jo Jo 

where b, a are respectively Lipschtiz continuous mapping from M^ to W^ and M^ ® M'', 
and {W{-)) is an r-dimensional Brownian motion. Let T > be a fixed time horizon, and 
T/n represent the discretization step. For kT/n < t ^ {k + l)T/n, the Euler scheme is 
defined by 

X„ t = X„ — + 6 _,X„ — t + a _,X„ — W^ t - W{—)). 

n n n n n n n 

There are two kinds of weak approximations. The first one concerns 

Ux,T,n) := E[f{X{T))]- E[f{X^{T))i 

where / is a suitable class of test function. The second one is the approximation of the 
density px{T) of the law of X(T), i.e., 

^2(a;,T,n) := px(T) -Px„(T). 

When studying these two kinds of quantities, people's interest focuses on the conver- 
gence rate or an error expansion of ^i(x, T, n) and C,2{x,T,n) in terms of T/n, due to 
the fact that analysis of these two kinds of quantities turns out to be more important 
for applications, for instance in finance and biology, etc. There have been a lot of pro- 
gresses in this area. Suppose that the test function / and the coefficients b and a are 
sufficiently smooth and / has polynomial growth. Without any additional assumption on 
the generator, Talay and Tubaro pL8j derive an error expansion of order 1 for ^i{x,T,n). 
Bally and Talay |5] also obtain the same kind of result for bounded Borel functions / 
under the hypoellipticity assumption on the coefficients. These authors also extend their 
results to C,2{x,T,n) for a slightly modified Euler scheme in |H]. It is also worth noting 
that Kohatsu-Higa and Pettersson in y^ introduce another way to prove weak error ex- 
pansion of ^i{x, T, n) and ^2(2;, T, n) which is based on the integration by parts formula of 
the Malliavin calculus. On the other hand, by using the fractional calculus in the Malli- 
avin calculus, Watanabe and the second named author of the present paper obtained the 
convergence of ^2(2^, T, n) in fractional order Sobolev spaces. All these works are confined 
in the context of Markovian SDEs. 

Establishing the estimate of the difference between two Donsker's delta functionals 
enables us to study the Euler scheme of non-Markovian stochastic differential equations. 
In other words, we allow the coefficients in stochastic differential equations to look into 
the past. More precisely, we consider the solution to the equation of the form: 

X{t)=x+ [ b{s,X{-))ds+ [ a{s,X{-))dW{s), (2) 



^0 ^0 

where a : [0, cx)] x C([0, 00]; M'^) ^ M^ O W and b : [0, 00] x C([0, cx)]; M^) -^ R'^. 

Let us describe our ideas explicitly as follows. Since the coefficients (a, b) depend not 
only on the present values of the solution processes, but also on its previous values too, 
the analysis of convergence rate or error expansion of C,i{x,T,n) and ^2{x,T,n) for SDE 
02]) is quite different to that for SDE ([T]). In particular, it seems difficult to extend 
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the results in [5] [6] to stochastic differential equations which are not Markovian SDEs 
since the approaches used used there rely heavily on the Feynman-Kac partial differential 
equations associated with SDE ([T]), . Here unlike the approaches in [S] [S], by using the 
fact that the heat kernel can be given by the generalized expectation of Donsker's delta 
functionals, we will establish the convergence rate of ^2{x,T,n) for SDE (j2]). Of course, 
since the coefficients in ([2]) may depend on the past trajectories {Xs,0 ^ s ^ t} of the 
solution, we should modify the Euler scheme for non-Markovian stochastic differential 
equations which will be carried out in Section 4. In order to derive a convergence rate of 
C,2{x,T,n), the strong approximation of the Euler scheme for non-Markovian stochastic 
differential equations in Sobolev spaces of appropriate orders in the Malliavin calculus 
sense is needed. 

The paper is organized as follows. In Section 2, we recall some results of the Malliavin 
calculus that we will use in the sequel, and study some properties of the fractional order 
Sobolev spaces under local assumptions. In Section 3, we give a precise estimate of the 
difference between two Donsker's functionals. In Section 4, we are devoted to the proof 
of the convergence rate of C,2{x, T, n). 

2. Recalls on the Malliavin calculus 

We first recall briefly some basic ingredients in the Malliavin calculus and the reader 
is referred, e.g., to [HI dni [IS] for more details. Let {B,H,^) be an abstract Wiener 
space. We will denote the gradient operator (or Shigekawa's if-derivative) by D, its dual 
divergence operator (or the Skorohod operator) by 6 and the Ornstein-Uhlenbeck operator 
by L := —6D. The Sobolev spaces D^, 1 < p < oo, a G M, of real Wiener and generalized 
Wiener functionals are defined by 

D^ = (1 - L)-°/2(LP) 

with the norm 

||F|U,p=||(1-L)°/2f||j^,, 

where L^ is the usual L^-space. In particular 

©P = L^ ro^', CPP if p<p' and a<a', {WJ = B''J^'"'\ 

Similarly as in the Schwartz theory of distributions, we define the space of test Wiener 
functionals by 

a>0 l<p<oo 

Its dual, the space of generalized Wiener functionals, is given by 

D^-!» = U U I 

o>0 l<p<oo 



^-a- 



If we consider, more generally, iJ-valued functionals, E being a real separable Hilbert 
space, the corresponding spaces are denoted by L^(£'), B>^{E), etc. In the following, we 
use the following convention: 

for F e Dito, we set \\F\\a,p = oo if F ^ D^. 

We will need the following result (see Kusuoka [13]). For the space 3^, the following 
continuity of the multiplication holds: for every a ^ and 1 < p,q,r < oo such that 
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l/p+ 1/g = 1/r, the map (F, G) G ©^ x D^ — )■ F ■ G e DJ^ is continuous, i.e., there exists 
a positive constant C = C{p, q; a) such that 

\\F-G\\a,r^C\\F\\^,p-\\G\\a,, for all F,GeB^-. (3) 

By duality, for every a ^ and 1 < p, g, r < oo such that 1/p + 1/q = 1/r, there exists a 
positive constant C = C{p, q; a) such that 

\\F-G\\^a,r^C\\F\\^,p-\\G\\^a,g for all F,GeB^-. (4) 

The natural coupling of G G D^ and $ G (D^)' = B^J^^'^^ (or that of G G B"^- and 
$ G ©i"!^) is denoted by E{G ■ $); in particular, when G = 1, the Wiener functional 
identically equal to one, E{1 ■ $) is simply denoted by F($) and is called the generalized 
expectation of $ G ID)i"J^. E(^) coincides with the usual expectation J^ ^(uj)fi{duj) when 
<l> is given by an integrable random variable. 

Let G(]R^) := {/ : M'^ — )■ M, continuous, lim|2;|-s.oo /(a^) = 0} and define a family of 
Banach subspaces of S"(]R'^) by 

52„(K'') = (1 + kP - A)-"(G(M'')), n = 0, ±1, ±2, ■ ■ • 



with the norm 



u\\s2n(m = sup |[(1 + |a;p - A)"M](a;)|. 



X 



So that 

SiR'^) C ■ ■ ■ C SslM'^) C S'o(M'^) = G(M'^) C 5-2(K'^) C • ■ ■ C 5'( 
and 



CO 



fl SsnlM'^), ^'(M") = [JS 
n=l n=l 



-2nlll^ ) 



Definition 2.1. Given a d- dimensional Wiener functional F : B ^^W^ and T G S"(R'^), 
we say that T o F is defined in Di.^ and T o F = $ for some $ G ©L^ if there exists 
n G Z"*" (^i/ie sei o/ nonnegative integers), 1 < p < oo, a > snc/i that T G S'_2n(lR°'); 
$ G IEFq ^^^ ^^6 following holds: For every sequence {(f)k '■ k = 1, 2, ■ ■ ■ } C S'(]R^) such 
that \\(f)k — T||5_2„(K'') — )■ as /c — )■ oo, it holds that \\(f)k° F — $||-a,p — )■ as A; — )■ oo (note 
that 0fe o F G L°^" C D^^ for all k). 

Clearly $ is uniquely determined by F and T. 

We denote by G'^iW^) the set of all infinitely continuously differential functions / : 
M*^ ^ M such that / and all of its partial derivatives have polynomial growth. Let 
G'"{W^), V ^ 0, be the Banach space of [f]-times continuously differentiable functions on 
W^ whose [f]-th derivatives are uniformly Holder continuous with exponent v — [v\ with 
the norm {[v\ is the integer part of v) 



c^iR^)= J2 l^"/loo+ E ^^P\dV{x)-d'^f{y)\/\x-y 



v—[v] 
?i;|n|<[i)] n;|?i| = [D] 

with the notation n = (ni, ■ ■ ■ , rid), \n\ = X]i=i ^i ^^^ ^" ~ '^i^ ' ' ' '^d'*' where di = d/dxi. 
Note that (1 - Ay-^/^G^R"^)) C G''{R'^). 

For a real separable Hilbert space E, we denote by D^~(F) = ni<p<oo-''^(-^) ^^^ 
L°^^(F) = ni<p<oo ^^\E). In the Malliavin calculus, a key role is played by the Malliavin 
covariance matrix which is defined as follows. 
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Definition 2.2. Suppose that F = {Fi,--- , F^^) is a random vector whose components 
belong to the space D^^. We associate to F the following random symmetric nonnegative 
definite matrix: 

T,p{uj) = {a^{uj))i^ij<^d ■= i{DFi,DFj)H)i^i,ji:d- 

The matrix Tif{u) will be called the Malliavin covariance matrix of the random vector 
F. We will say that a random vector F = {Fi, ■ ■ ■ , F^) whose components are in D^~ is 
nondegenerate if its Malliavin covariance matrix T,f{u) is invertible a.s. and 

Set d^G := G ■ dfL and 

Hg{F e dy) 

PF,c{y) = ^y . 

Denote by Eg the integral w.r.t fiG- The following proposition is taken from [3, Proposi- 
tion 23] or in Lemma 2.1]. 

Proposition 2.3. Let F e ©^"(M*^) and let G E D^~ take values on [0, 1] with 

1 + EGlWDlnGWj^] < oo for every p ^ I. 
Assume that A is a measurable set such that GIa = and for any p > 1, 

E[|det(Ep)|-PUc] <oo. 

Then the law of F under fiG is absolutely continuous with respect to the Lebesgue measure 
on M.'^. Moreover, for every p > d there exist some universal constants G and q > 1 
depending on d and p such that the density pp^G satisfies 

PF,G{y) ^ C{1 + Eg[\ det(S^)rP])^(l + ||F||2,p,G + \\LF\\,,g)\1 + i?G[plnG||?,])'?. 

In the rest of this article, we will adopt the following notations. Let ^ : [0, oo) i— t- R be 
a C^ function [^> and all of its partial derivatives are bounded) such that 

1[041 ^ ^ ^ ho,\Y 
and \i/i : [0, oo) i— ;• M be a G"^ function such that 

l[0,i] ^ ^1 ^ l[o,i] 
and 

sup |(ln\l'i(x))'|^\E'i(x) < oo for every p ^ I. (5) 

X 

We define Rfi,F2 by 



R 



Fi,F2 



det(S 



Fij 



where Fi,F2 G D~-(M'^), \\DF,\\jj = Yfj=i P^/lll/, ^ = 1,2 and ||Sj.J|2 is the Hilbert- 
Schmidt norm of the Malliavin covariance matrix T^p^- It is obvious that '^ i{Rf^,F2) = 1 on 
the set {^{Rf,^f2) ^ 0}. For the set Ur=o{^'(^(^^i,^2)) ^ 0} and [JZ^{D\'^i{Rf,^F2)) 
7^ 0}, we have the following result: 

\J{D\^>{Rp,^F,)) ^ 0} C {det(S^,+,(^,_^,)) ^ 4-^^^^§g^} a.s., (6) 
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and 

[){D>'{MRf.,f.)) 7^ 0} C {det(S^,+,(^,_p,)) ^ (1 - ^?'^^^j^} a.s., (7) 
fc=0 " -^1 " 

where ||Si?j|| is the operator norm. The proof of this result can be found in [7J Remark 
14]. 

Watanabe [20] has introduced the fractional order Sobolev spaces on the Wiener space 
and studied their applications to solutions of stochastic differential equations. An equiv- 
alent approach to these spaces using i^-method then appeared in [[2j and [10]. Now let us 
recall results in this respect that will be needed in the sequel. 

Definition 2.4. For < a < 1 we define 

El = (LP, ©?)„,p, (8) 

where (■, ■) denotes the real interpolation space as in jTU] , 

There are several equivalent norms in S^ (cf. [I9]). The one we shall use is given by 
Peetre's i^-method: 

\\F\\,.:=[f\e~-Kie,p,F)r^]K (9) 

Jo £ 

where 

ir(e,p,F):=inf{||Fi||p + e||F2||i,p,Fi + F2 = F,Fi,F2GLP}. (10) 

Remark 2.5. Let < a < 1, then F & S^ if and only if 

oo 

^2"P"ir(2-'^,p,F)P<oo. 

n=l 

For the relationship between 3^ and S^, the following theorem is proved in ^20t Theorem 
1.1] directly using specific properties of Wiener functionals. 

Theorem 2.6. For every 0<a<l, l<p<oo and e > 0, we have 

By the above theorem we deduce immediately that for every a > 0, D^„ := no</3<Q: ®^ ~ 

^o<,<.^l =■ £L and or := no</.<.ror- = no<,<aSr~ =■ ^- • 

Now we will study local properties of the space S^ under local assumptions. In what 
follows we denote by C a generic constant which can be different from one formula to 
another. 

Let F e D^~ such that F > a.s. and 1/F e L°°-. It is well known that if a is a 
positive integer, then 1/F G D^~. When a > is not integer, it is proved in [20] that 
1/F only belongs to D^. Our first result is a local version of this result whose proof is 
based on the i^-method. 

Theorem 2.7. Let a = k + a, k e N, < a ^ 1. Suppose that F e S^~ or D^~ is a 
nonnegative Wiener functional, G G U^^, and A is a measurable set such that GIa = 
and 



Then we have 



E[\^\nAc] < oo, Vp>l. 



i-GGD--. (11) 
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Furthermore, if a is a positive integer, F,G & D^ , then we have 

1 



p-GeB^-. (12) 



Remark 2.8. In fact, as can be seen from the proof of Theorem 2.1, for every \1/ G C'^ , 
we have \1/(1/F) ■ G G O^, and it's also easy to obtain that for any P < a, p < p' , we 
have 

ll*(;^)-GlU,p^Cl|Gl|,+iy. (13) 

Furthermore, if there exists Gi G ©^^ such that Gi = 1 on the set {G ^ 0} and Gil a = 0, 
then we have G = G ■ Gi and by ^(1/F) ■ Gi G B^S , 

ll^(;^) ■ ^11^3,^ = ||^(-^) • Gi • G||^,, ^ C||G||^y. (14) 

In order to prove Theorem 12. 7[ we need the following lemma. 

Lemma 2.9. Let < a < 1, 4 < p < oo. Suppose that F ^U is a nonnegative Wiener 
functional and Fn G L*' such that 



(ii) 



Set 



Then we have 



Proof. Obviously 



|F„-F||p^C2^"-; 



E[|irU.]<oo. 



F„ := F„ V + T 



supE[|i|P/^lA^] <oo. (15) 



Fn 



\\F„,-F\\p^G2~'"', (16) 

£;[|in] ^2""", Vg>l. (17) 

Fn 



We define 



F — F 



Therefore we split (fT5l) into two parts: 

=■■ S1 + S2. 

Since on A'^, 

2 12 
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by Assumption (ii) we have 

supSi<E[||;r/%a^,„^ij]<oo. 

Next let us deal with the term S2. By (TT6|) and Assumption (ii), we have 

< 2^/'\\K-F\\f.\\h^4f 

^ /^r)— npa/2 

Consequently, by flT7|) we have 

supS2 ^ E[\l.\^]'/'-PiA^{r^ >]-})'/' 
^ supC2"P"/'-2-"P"/^<oo, 

n 

and hence we complete the proof. D 

Proof of Theorem \2.1\ Since there is no essential difference, we assume < a < 1 and 
F G £^~ for simplicity. For every p' > 1, let p = 18p', r = 1p' = p/9 and r' = p/A. By 
Remark 12.51 for each n, we can find Fn € ©^ such that 

\\Fn - F\\, ^ C2-"", ||F„||i,p ^ C2"(i-"). 

Set 

?; := i^„ V + 2-"". 



By the previous lemma, we have 



n 1 

sup ll^^lyic L' < 00. 
Hence by Holder inequality, we have 

\\D{l.)U4r < c\\dK\\p ■ \\^U4l' ^ C2<'^^\ 

^ n -'■ n 

Therefore, by the Meyer equivalence and {DG ^ 0} G {G ^ 0} G A'^ we have 

||i • Glliy ^ CE[(|ir + ||/^(i)||^)M^ • \\Gh,r ^ C2"(i^"). 

A similar calculus gives 

11 —11 

\\^ ■ G — — ■ G\\pf ^ \\G\\r ■ \\F — Fn\\p ■ 11^1^=11^/ ■ ||— l^c||r/ ^ G2 "". 



By Remark 12. 5 [ we obtain 



I— ■ G\\ pi < 00, V/3 < a. 



and this completes the proof. D 

If the assumption G G ro^"^ in Theorem 12.71 is replaced by G G <^^~, we have the 
following theorem. 



Theorem 2.10. Let a = k + a, k e N, < a ^ 1. Suppose that F e £^' or D^" is a 
nonnegative Wiener functional, G G £^^ or D|^ , and A is a measurable set such that 
GIa = and 

£;[|-^ruc] < oo, vp>i. 

Then we have 

1 



inOO- 



Proof. Without loss of generahty, we assume < a < 1, F G £^^~ and G G E"^^ for 
simphcity. For every p' > 1 , let p, r, r' as in the proof of Theorem 12. 7[ By Remark 12.51 
for each n, we can find Fn G D^, (?„ G ©^ such that 

\\Fn - Flip ^ C2-"", ||F„||i,p ^ C'2"(i-°) 

and 

||G„ - G||, < C2-"", ||Gn||i,r ^ C2"(i-"). 

Let 

?; := F„ V + 2-""/2_ 

Then F„ satisfies 

ll-* n -* lip ^ "^^ 7 11-* n||l,p ^ "-^^ 

Therefore we have 

|:^=^ ■ Gn — —■ G|L/ ^ 11^^^ ■ G — — ■ G|L/ + ||^^=r(G„ — G)|L/ 

=: Ai+A2- 
By the same method as in the proof of Theorem 12.71 we have 

Ai ^ G2-"°/l 
By 1/K < 2""/2 and ||G„ - G||,. ^ G2-"", we also have 



As ^ ||G„ - G||, ■ ||i||, ^ G2-""/2_ 
F„. 



n 



Consequently we have 



|i-G„--^-G||p, ^G2-"°/2. 



Similarly, by Meyer equivalence of norms, we have 

11^==^ ■ G„||i,p' ^ G{||^^^ • G„||p/ + ||D(^^ ■ G„)||p/} 



1 1 ~ 1 

= Gjll^^rr • G^llp/ + 117^:2 ■ ^^n ' G„||p/ + ||^^rr ■ DGri%>} 
^n Fji ^n 

^ G{||i-G„||p, + ||^-Z}^-(G„-G)||p, 

^n Fn 

+ 117:32 ■ DFn ■ G||p' + II ^^:r • Z}G„ ||p'}. 



Fn F^ 



n 



Similar to the proof of Theorem I2.7[ we have 



l^-DFn-G\\p, ^C2"(i-"/2). 



-2 
Fn 

By l/¥n ^ 2"°/^ \\Gn - G\\r ^ C2-'^" and p^Hp ^ CT'i^-'^m ^ we have 

Fn ^n 

By l/¥n ^ 2""/^ ||G„ - G||^ ^ C2-"" and ||G„||i,^ ^ 2<^-''\ we also have 
\\L ■ Gnh ^ l|i ■ {Gn - G)\l, + ||i • G\l, ^G, ||i ■ Z^G^IIp, ^ c'2"(i-"/2). 

-^n -^rj, -^Tj. -^ n. 



Consequently, we have 



^==^ '-Jn l,p' ^ L''^ 






By Remark I2.5[ we obtain 

11— -GlLp' < oo, V/3 < a/2, 

and this completes the proof. D 

The following theorem is a local version of Lemma 2.1 in [2QJ which will play an essential 
role in Section 3. Before proceeding, we introduce some notions and notations concerning 
the Sobolev space on M.'^ (cf. [1] and [19]). Define the family of Bessel potential spaces by 

L^(M'^) = (l-A)-°/2(LP(M'^)), l<p<oo, aeR 

equipped with the norm 

ii(7iu,, = ii(i-Ar/2^ii,. 

For l<p<oo,a;GM, we also define fractional order Sobolev spaces on M*^ as follows: 

^P(R'^) = (L^(M'^), L^^i(M'^))^,p if fc + 1 be the smallest integer larger than a 

equipped with the norm 

/•I ^p 

Jo £ 

where a := a — k and 

Kie,p,g) :=inf{||5fi||fc,p + e||5f2||fc+i,p,5'i + 5'2 = 9,91,92 e L^,(M'^)}. 

Theorem 2.11. Suppose that F G D~"(M'^), G G ©^" with 

1 + Eg[\\D In G\\^] < oo, for every p^l, 

and the density ppc is hounded. Then, for every 1 < p < p' < oo and ^ a < a' ^ 1, 
there exists a positive constant G = G{a,a',p,p') such that 

\\goF-G\\eg^G\\g\\^,>^^^,^ for every g E S{R'). (19) 
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Proof. Since pp^c is bounded, for every p' > p, we can find C = C{p,p') > such that 

= [[ \g{x)fpF,G{^)dxf^'-\\G'-'/p'\\,,,/^,,.,) 

< C\\g\\p'. (20) 

Also, by the Meyer equivalence of norms, for every p' > p, we have 

||^oF-G||i,, = \\{l-Ly/'{goF-G)l 

^ G{\\goF-G\\p+\\D{goF-G)U 

d 
^ C{||^ o F ■ Clip + II 5^(9,(7) oF-DF,- G\\p +\\goF- DG\\p} 

d 

^ G{\\goF- G\\p + II Y,(d,9) oF-DF,- G\\p + \\g o F ■ D{ln G) ■ G\\p} 



i=l 
d 



^ G{\\goF- G\\p + Y, \\i9^g) o F ■ G\\p, ■ \\DFi 



i\\pp'/{p'-p) 



i=l 



+ \\g o F ■ Gi-«P'-P)/PP')||p, ■ p(lnG) ■ G^P'-P^/PP'\\pp,/^p,_p)}. 

Then similarly as (120 p . for every p' > p, we can find G = G{p,p') such that 

||(7oF-G||i,p^C||(7||iy. (21) 

By ( pOj) and (I2T]) . we get the desired estimate ifQ; = OorQ; = l. IfO<a<l, we proceed 
as follows. Let 1 < p < p' < oo and < a < a' < 1 be fixed. For g G £^!(M'^), by ( l20l) 
and ( 12T|) . we have 

K{e,p,goF-G)^GK{e,p',g). 

Hence by Holder inequality we obtain that 

\\goF-G\\e^^ = [ [ [e~''K{e,p,g o F ■ G)r-]' 
Jo ^ 

^ G[[\e-'^K{e,p',g)r-]' 
Jo ^ 

= G[ /'[e-"'P-^ir(e,p',(7)P][e("'-")^-'l^]rfe]^ 
Jo 

Jo ^ Jo ^ 

^ C'll^ll^p'^^j^,^ 

as desired. D 

We shall need the following local version of the integration by parts formula. 
Lemma 2.12. Let k eN. Suppose 

(i) F e ©r+"2(K'^); 

(ii) G G 115^1, A is a measurable set such that GIa = and for any p > I, 

E[|det(S^)|-n^c] <oo. 
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Then for all g G C^iW^) and all multiindex a = {1, ■ ■ ■ , d}''^^ , we have 

E[{^) oF.G] = E[goF- H^{F, G)] (22) 

where the elements Ha{F,G) G ©^^.Iq,! are recursively given by 

H(^,){F,G) = Hi{F,G) 

d 

■■= Y.^{lpG-DF,) 

i=i 
d 

= - J2{1f ■ LFj ■ G + {DYl DF^)h ■ G + 7^ {DG, DFj)h}, 

i=i 
Ha{F,G) = H(^i^^...^i^){F,G) 

'■= Hi^iP^H^i^^...^i^^^){F,G)), 

which satisfy Ha{F, G)1a = and 

\\Ha{F, G)\\k+i-\a\,p ^ C'||G'||fc+iy (23) 

for every p < p' . 

Proof. Since 

(det(Ei.))-4Ac G L~" and det(Sj.) G D^", 



by Theorem I2.7[ we have 

(det(Si.))-iG' G B)^-„ 
which in turn yields that 

7^ G G D-- 
By the chain rule we have 

d 

(dig) oF-1a^ = Y,{D{g o F),DF,)h ■ it " U^, 
i=i 
so we obtain 

d 

{d,g) oF-G = {D{goF),Y,l'F-G- DF,)h. 

Hence by the duality relationship between the derivative and the divergence operators, 
we get 

E[{d,g) o F ■ G] = E[g o F ■ H,{F,G)], 

where 



H,iF,G) = Y.5{4-G-DF,) 

=1 

d 

Y,{lt ■ LF, ■ G + [Di'i DF,)h ■ G + 7^ {DG, DF,)h}. 



d 
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It follows by the localness of D that Hi{F,G)lA = 0, and by ( 1T3|) and the fact that 
S : Bi^j_^{H) — i- D^ is continuous for every p and every a, we see that for every p < p', 

d 

m{F, G)\\k,p ^ CY,\\y^ ■ G ■ I^F,|U+i,p ^ C||G|U+iy. 
J=l 

Thus we have 

E[{d,A.g) oF-G] = E[goF- Hi,{F, Hi,{F, G))]. 

Obviously we still have Hi^ (F, Hi^ (F, G))1a = and consequently we can go ahead further. 
Moreover, it is easy to see that for every p <p' < p" , 

\\Hi^{F,Hi^{F^G))\\k-i,p ^ C\\Hi^{F,G)\\k,pi ^ CHGHfe+iy/. 

By induction we prove the desired results. D 

Remark 2.13. In applications one usually takes A = {G = 0}. Note that by the localness 
of the derivative operator one then has {D^G 7^ 0} C A^ for any /3 G N. 

Remark 2.14. Under the conditions of Lemma \2.12\ suppose that there exists Gi G U^^ 
such that Gi = 1 on the set {G 7^ 0} and GiIa = 0, then for any G' G ©^^ and e ^ 0, 
we have Ha{F, G ■ G') = H^iF, G ■ G') ■ Gi, 

d 
\\H,iF, G ■ G')\\k-e,p <CY, Hf -G-G' ■ DF,\\u+i-e,p ^ C\\G'\\u+i-e,p' for every p < p'. 

Since il ■ Gi G D^", 

\\H{n,i2){F-,G ■ G )||fc-i-e,p 

d 

^ gY^W^'f' ■ H^,{F,G- G') ■ Gi ■ DF,\\k-e,p 

i=i 
^ G\\H,,{F,G ■ G')U-e,p' ^ G\\G'\\k+i-e,p" for every p < p' < p" . 

Therefore by induction we have 

\\Ha{F,G ■ G )||fc+l-|a|-e,p ^ G\\G \\k+l-e,p' (24) 

for every p < p' . 

3. Estimate of the difference between two Donsker's delta functions 

In this section, we establish an estimate of the difference between two Donsker's delta 
functionals. 

Theorem 3.1. Let 5 = k + a, k e n, Q < a ^ I. Suppose that H,Hi,H2 : 5 ^ [0, 1] 

and Fi , F2 : i? — 7- M°' are Wiener functionals such that 

(i) Fi,F2G©r+'5M; 
(ii) H,Hi,H2elO)^-2 with 

1 + EH2[\\D^^H2\ffj] < 00 for every p ^ I, 

such that Hi = 1 on the set {H ^ 0} and H2 = 1 on the set {Hi 7^ 0}; 
(iii) there is a measurable set A such that H2IA = and Fi,F2 are nondegenerate a.s. 
on the set A"^. 
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Then for 1 < p < cxd, 



0</3<aA(l + 5)-l-- 



where q^^ = 1 — p^^ , and for every p' , p" , q' , q" , Vi, r2 and r^ satisfying 1 < p < p' < 
p" < oo, 1/p' + 1/q' = 1, l/p" + l/q" = 1, ri> qq'/{q - q') and r2 > r^ = q'q"/{q' - q") = 
p'p" /{p" — p'), P + d/q" < 6' < 6 and 6' ^ a — 1, we can find a positive constant C which 
may depend on Fi, F2, a, P, 6, 6' , p, p' , p" , ri, r2 and r^ such that 

11(1 - Af/X oF,-H-{l- A)^/X o F2 ■ H\U,^ 

^ C\\F^-F2\\2+5',r,+C\\F^-F2h,r,+C\\F,-F2\\s',r,. (25) 

Remark 3.2. Since pf,g{x) = E[l{F>x}H{i^...^d)iF,G)], by (jTj), if k ^ d—1 then the 
conditions (zzz), Fi,F2 G ©^"^(R'^), H2 E D^"^ and ifaU = imply that 

(1) fori = 1,2, the densities pFi,H2 of the laws of Fi under ^h2 ^^^ hounded; 

(2) for every 1 < p < 00, the density pF2+t{Fi-F2),H2-^i{RF f. ) ^^ hounded, uniformly in 

te[o,i]. 

Recently, Bally and Caramellino [3j have proved that any non- degenerated functional which 
is twice differentiahle in Malliavin sense has a hounded density (see Proposition \2.3\) . Us- 
ing this result, the conditions (1) and (2) are automatically satisfied under the conditions 
of Theorem \3.1\ (see [T, Example 2.3] for ^i satisfying the condition ^)- This fact will 
play a very important role in the proof of Theorem \3.1[ 

Remark 3.3. Since pFi^nix) = Eh[1 ■ 5^ o Fj\, applying Theorem \3.1\ we ohtain 

\\PFi,H — PF2,h||c'5(R<*) ^ C\\Fi — -F2||2+5,riVr2) 

which is more refined than ^ Proposition 2.2]. 

To prove the theorem we need some preparations. In what follows for the simplicity of 
notations sometimes we shall drop the notation of ^ if there is no confusion. We begin 
with the following lemma which can be found in Watanabe [20] . 

Lemma 3.4. If a > d{p — l)/p = d/q where l/p + l/q = 1, then the map x G R'' — )■ 

(1 — A)~°'^'^5x G L^(R'^) is hounded and continuous. 

The following lemma is a local version of Lemma 2.2 in ^0]. 

Lemma 3.5. Let5 = k + a,keN,0<a^l. Suppose that G : B ^R and F : B ^R"^ 
he Wiener functional such that 

(i) F G B^^SiR'); 
(ii) G G B^-,, Gi G ro^+l with 

1 + E'cJIlDlnGill^] < 00 for every p^l, 

such that Gi = 1 on the set {G 7^ 0}; 
(iii) there is a measurahle set A such that GiIa = and F is nondegenerate a.s. on 
the set A'^. 

Then, for every < 6' < 6 ^ 6 and 1 < p < p' < 00, we can find a positive constant 
G = G{6',p,p') such that 

\\goF-G\\_^^^^G\\gU',p' for every g e S{R''). (26) 
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Proof. By Lemma EHH we obtain for G' E D^^^, 

Em, . ■ ■ d^^g) oF.G-G'] = E[goF- i/(,,..,„)(F, G ■ G')]. 

Taking e = k + 1 — 6, hj Remark 12.141 we can find, for every 1 < q' < q, 6 > and 
m = 0, 1, ■ ■ ■ , A; + 1, a positive constant G = G{q, q', 6, m; F, G, Gi, G') such that 

\\Hin,-.^){F,G-G')\\~,_^^^,^G\\G%^^. 
Consequently, if 1/p + 1/g = 1 and 1/p' + 1/q' = 1, we have 
m,■■■^^^g)oF■G\\_^^^ 
= snp{\Em, ■ ■ ■ d^^g) oF.G-G']\: \\G\^ ^ 1} 

^ sup{|E[(7oF-i7(,,,..„„)(F,G-G')]| : ||i/(,,..,„)(F,G-GOb_,,, ^C} 
= ^nv{\E[g o F ■ if(.,,..,,„)(F, G ■ G') ■ G,]\ : ||//(,,..,„)(F, G ■ G')||j_„,,, ^ G] 
^ Cll^^oF-GilL^jp, for m = 0,---,A; + l. (27) 

The rest of the proof is the same as that of [20] and we give it for reader's convenience. 
If fc = 2/ — 1 is odd, any g G 5'(]R'^) can be written as 

I 

n=0 

where S' is a certain sum over indices (ii, ■ ■ ■ , «2n)- Hence, by fl27|) . we have 

\\9°F-G\\ T 



^ c5^||(l-Ar'^oF.Gi||,„_j_^, 



n=0 



^ G\\{l-^r^'^'^''goF.G,\\,^,_~,^,.. 
Since 

^ l-a = k + l-^ < 1, 

using Remark 13.21 (since Pf,Gi is bounded) and Theorem 12. Ill we have for every < 5' < 5 
and p" > p' with A; + 1 — 5' < 1, 

11^ o F ■ G\\_^^^ ^ GUI - Ar^'+'^/'g\\,+,_s',p" = C\\g\\.s',p". 

This yields the desired estimate, since 6' and p" can be chosen arbitrarily close to 6 and 
p. Similar arguments applies for even k and we refer to [201 Lemma 2.2] for details. The 
proof is completed. D 

We also need the following technical lemma. 

Lemma 3.6. Let H, Hi E B ^ [0, 1] and Fi, F2 E B ^ M.^ satisfy all the conditions (i), 
(a) and (Hi) of Theorem \3.1\ Then, for every 5' ,r.,r' ,r" satisfying Q<5'<5,r'>r>l 
and r" > r'r/{r' — r), we can find a positive constant G = G{Fi, F2, S', r, r', r") such that 

\\Hi{Fi,H ■ G) — Hi{F2,H ■ G)\\s',r ^ C* 1 1^11 1+5/^,./ ■ ||Fi — F2\\2+5'y', (28) 



where G E D^^. 
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Proof. In what follows r, m, n, m', m''^, r', r"^, r", r"'^, r"'^'^ satisfy 

1 1_11 1_11 1_11 1_1 / '/ 

m n r' m' m''^ m' r' r'^ n r"'^ r""^^ m''^ ' 

Since the Malliavin covariance matrix S^^ satisfies that o"^^ G D^^, and the space D^"^ 
is an algebra, so det(Sp'J G ©^^, then by Theorem 12.71 we have 



(det(E^J)-^ ■ /J G ©^^,)_ 

(1+5)- 



and we deduce easily from this that 7]^^ ■ H G ©^^^\ . Since 



d 



and 

d 

H,{F2, H-G) = J2 Kit -H-G- DFi), 
i=i 
using the fact that 6 : 3^_^_^{H) -^ ©^ is continuous for every p and a, we have 



n 



\l+S',r 



\\H,{F^,H-G)-H,{F2,H-G)\\s',r ^ Gh\- H ■ G ■ DFi - ^\- H ■ G ■ DFi 

^ Ght -H-G-DFl-Yi-H-G- DF(\U+s',r 

+ Chi -H-G-DFI-Yi-H-G- DFi\U+s',r 
=: Ai + A2. 

We first observe that 

Therefore we have 

7|-7| = E7S«-4t)7|. 

k,l=l 

In view of Yt-He D^;^)., 1% ■ H, G D^;^)., F^ G ©^-^(M''), F^ G ©^-^(M'^'), we obtain 
Ai ^ G\\G-DF(\\,+s',n-\\li-H--f%-H\\,+s',n. 

^ '-' ll'-^l|l+5',r' • ll-t^-Ti ||l+5',r'= ' HO^F^ — (^ir^ 11 l+5',m' " ||7Fi ' -" l|l+5',r"= " 117^2 ' -"1 II l+5',r"== 

^ /^ll/^ll II ^'i-'' ^fe' II 

^ <-' ||'j"||l+5',r' ■ ||O^Fi ~ crp2lll+<5'.™' 

^ C\\G\\i+s'y ■ \\Fi — F2\\2+s',r"- (29) 

For the second term, in view of jp^ ■ H G D^~^^ , we obtain 

A2 ^ G\\-f%-H-G\U+s',n-\\DFi-DFi\\,+s',m 

^ C'||7]^2 ■ H\\i+S',r"= ■ \\G\\i+S',r' ■ \\DF( — DF2\\l+S',m 

^ C||G||i+5/,r' ■ 11-^1 — F2\\2+S',m- (30) 

Hence combining (129]) and f l30p . we have 

||-f^i(-^l,-f^ • G) — Hi{F2,H ■ G)\\s',r ^ CIIGIIi+^/^r' • \\Fi — F2\\2+S',r"- 

Thus the proof is completed. D 
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With the above preparation we can estabhsh the following results which will play a 
crucial role in the proof of Theorem 13.11 

Lemma 3.7. Let H, Hi, H2 E B —^ [0, 1] and Fi, F2 E B —^ W^ satisfy all the conditions 
(i), (a) and (Hi) of Theorem \3.1[ Then, for every < 6" < 6' < 6 and p, q, p' , q' , p" , 
q" , p'" , Ti, r2 satisfying 1 < p < p' < p" < p'" < 00, 1/p + 1/q = 1, 1/p' + 1/q' = 1, 
1/p" + 1/q" = 1, Ti > qq' /{q — q') and r2 > r^ = q'q" /{q' — q"), we can find a positive 
constant C such that 

\\g o Fi ■ H - g o F2 ■ i/||_(i+5'),p 

^ C'||(7||_(i+5//)y/ ■ ||Fi — -F2||2+5',ri + C'||(7||_5/y// ■ ||Fi — -F2||l,r2 

+ C'||5'||-5",p"' ■ ll-Fl — F2\\s'^r3 (31) 

for every g E S(M.'^). The positive constant C may depend on Fi, F2, 6' , 6" , p, p' , p" , p'" , 
n, r2. 

Proof. First using the integration by parts formula, we have for G E ©'j^^, 

\E[{d,g) oFi-H-G- {d,g) o F2 ■ H ■ G]\ 
= \E[g oFi-Hi-H,{Fi,H-G)-goF2-Hi- H,{F2, H ■ G)]\ 
^ \E[g oFi-Hi-H,{Fi,H-G)-goF2-Hi- H,{Fi, H ■ G)]\ 

+ \E[g oF2-Hi-H,{FuH-G)-goF2-Hi- iJ,(F2, H ■ G)]\ 
^ \\goFi-Hi-goF2- Hi\U',p' ■ \\H,{Fi, H ■ G)\\s',,' 

+ \\g o F2 • Hi\U',p' ■ m{Fi, H-G)- H,{F2, H ■ G)\\s',,'. 
Since 

d 

Hi{Fi, H-G) = J2 Kl% -H-G- DF(), 

by 7]^^ -H E 3?^~gs and 6 : 3^_^_^{H) — )■ B>^ is continuous for every p and every a, the map 

G — )■ Hi{Fi, H-G) can be extended to a continuous operator Dl^«_ -^ D^I := ng'<g^5- 
for every q and every 6, that is, we can find, for every 1 < q' < q, < 6' < 6, a positive 
constant G = G{q, q', 6'; Fi) such that 

\\H,{Fi,H-G)\\s',,'^G\\G\\i+s',r 



Then by Lemma [3 .Gt we have 

mg)oFi-H-{d,g)oF2-Hmi+S'),p 
= snp{\E[{d,g) oFi-H-G- {d,g) o F2 ■ H ■ G]\ : \\G\U+s',, ^ 1} 
^ snp{\\g oFi-Hi-goF2- Hi\\^s',p' ■ ||^.(Fi, H ■ G)\\s',,' : ||i/.(Fi, H ■ G)\\s',,' ^ G} 

+ snp{\\g o F2 ■ i/ill-5'y ■ ||^i(i^i, H-G)- H,{F2, H ■ G)\\s',,' : ||G||i+,,,, ^ 1} 
^ G\\g oFi-Hi-goF2- ifi||-5'y + G\\g o F2 ■ Hi\U',p' ■ \\Fi - F2\\2+5',r,. (32) 

Since any g E Si^W'-) can be written in the form 

1 
^ = 5^S'±9,,---9,,„(l-A)-i^, 

n=0 

where S' is a certain sum over indices (ii, ■ ■ ■ , ^2n), by fl32l) . we have 

\\goFi-H - goF2- if ||_(i+5'),p 
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J2^'±d,,---d,,„{l-A)-'goF^-H 



n=0 

1 



- ^ s' ± a,, ■ ■ ■ dui - ^r'g ° F2 ■ if II _(n 



■5'),p 



n=0 



^ CE'\\d,,{l - A)-'g oF,-H,- 9i,(l - A)-'g o F^ ■ H,\\.s',p' 

+ CJ:'\\di,{l - A)-^g o F2 ■ Hi\\^s',p' -WFi- F2\\2+5',r, 
=■■ S1 + S2. 
By Lemma [331 and the ]L^(M'^) boundedness of (9,2 (1 — A)^2, we have 

115,2(1 - A)-'g o F2 ■ H,\\^s',p' ^ C\\d,,il - A)-'g\\^s",p" ^ C\\g\\^^i+s"),p". 
Then we obtain 

^2 ^ C'||fi'||-(1+<5").P" ■ 11-^1 ~ -^2||2+<5',ri- (33) 

Now we deal with the first term Hi. We spht Hi into two parts 
119,2(1 - A)-'g o Fi • iJi - 9,2(1 - A)-'g o F^ ■ i/i||-5'y 
= sup{|E[a,2(l - A)-'g oFi-Hi-G-di,{l- A)-'g o F2 ■ H, ■ G]\ : \\G\\s',g' ^ 1} 
^ sup{|E[(<9,2(l - A)-'g o Fi ■ ifi ■ G - 9,2(1 - A)-'g o F2 ■ Hi ■ G) ■ (1 - ^{RfuF,))] 

■ \\G\\5',,' ^ 1} 

+ sup{|F[(9,2(l - A)-'g o Fi ■ iJi ■ G - 9,2(1 - A)-'g o F2 ■ H^ ■ G) ■ ^{Rf„fM 

■ \\G\U',,' ^ 1} 
=: ^3 + ^4, 

where \1/ and Rfi,F2 are defined in Section 2. First we consider the term H3. In view of 

(det(E^J)-i ■ l|^2^o} G L— , Fi e ©^"^(M'^), we have 

Pi{^iRF,,F,) ^ 1} n {H2 ^ 0}) 

^ P({((det(S^J)-i)V2(i + ||S^J|^)(^-i)/4p(^^ _ F^^y > ^> ^ ^^' ^ 0>) 

^ i2V2y'^E[met{i:F,)r'y/\i + iis^ji^)('^-^)/^)^3||i^(i^i - ^^2)11^1 ■ mh^^o}] 

^ CF[||DFi-DF2||2]"3A2, 
where r^ < r!^ < r2. Then by Remark 12. 13[ we obtain 

|F[(9,2(1 - A)-'g o Fi ■ ifi ■ G - 9,2(1 - A)-'g o F2 ■ H^ ■ G) ■ {1 - ^{Rf,,fM 
^ |F[9,2(1 - A)-'g oFi-Hi-H2-G-{l- ^{Rf,,fM 

+ |F[9,2(1 - A)-'g oF2-Hi-H2-G-{l- ^{Rf,,fM 
^ G||9,2(l - A)-'g o Fi ■ Hi\\^k',p" ■ \\H2 ■ G • (1 - ^{RF^FMk',," 

+ G||9,2(l - A)-'g o F2 ■ Hi\U',p" ■ \\H2 ■ G • (1 - ^(/?^,,p^2))IU',g" 
^ G||9,2(l - A)-'g o Fi ■ Hi\\_k',p" ■ \\G\\k',,' ■ \\H2 ■ (1 - ^{RF„FMk',rs 

+ G\\di,{l - A)-'g o F2 ■ ifi||-fc.,p" ■ IIGIIfc,,,, ■ \\H2 ■ (1 - ^{RF„FMk',r, 
^ G\\di,{l - Ay'g o Fi ■ Hi\\_k',p" ■ \\G\\k',,' ■ P{{^{Rf,,f,) 7^ 1} n {H2 ^ 0})'/'''^ 

+ G||9,2(l - A)-'g o F2 ■ Hi\\_k',p" ■ \\G\\k',,' ■ P{{^{Rf,,f,) 7^ 1} n {H2 ^ 0})'/^'^ 
^ G||9,2(l - A)-'g o Fi ■ Hi\U',p" ■ \\G\\k',,^ ■ ||Fi - F2||i,,2 
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+ C\\di,^{l — A) go F2- HiW^ki^pii ■ \\G\\k'^q' ■ \\Fi — -F2||l,r2; 

where k' < 5' ^k' + 1. By Lemma [3.51 and Remark 13. 2[ it is obvious that 

\\di^{l - Ay^g o Fi ■ Hi\\_k',p" ^ C\\di^{l - Ay^g\\_k',p"' ^ C'||5'll-(fc'+i)y"- 
Consequently 

^3 ^ C'||(7||_(fc'+l)y" ■ ||Fi — -F2||l,r2 ^ C* 1 1 5' 1 1 -5' y ■ 11-^1 ~ -^2||l,r2- (34) 

Next we consider the second term S4. First by ([7]), we have 

{v&i(i?p„^J ^ 0} C {det(S(p,+,(^,_p,))) ^ (1 - ^)"'^^^^} a.s.. 

Then by (det(Si7j)-i ■ 1{H2^o} G L°°~, Fi G ©^^(M"^), we obtain that F2 + t{Fi - F2) 
is nondegenerate a.s. on the set {H2 7^ 0} fl {"if i{Rfj^,F2) ¥" 0}) uniformly in t G [0,1]. 
Besides, by Remark ED it is obvious that F2 + t(Fi - F2) G D^^(M"'), ^(i^Fi.Fa) ■ Hi G 
D^;^)- and ^i{Rf„f,) ■ H^ G e^;,)_, and hence F2 +t(Fi - F2) G ©^~5'(K'). ^(^f^f^) ■ 
^1 e D~-, and *i(i?Fi,F2) ■ H2 G P^^,. Therefore, F2 + t(Fi - F2), ^(i^Fi.F^) ■ H^ and 
\I'i(-Ri7'i,i7'2) ■ H2 satisfy all the conditions in Lemma 13.51 by condition (jS]). Consequently, 
applying mean value theorem. Remark 13.21 (2) and Lemma 13.51 we have 



^4 

||9,,(1 - A)-'g oFi-Hi- -^(Rf^f,) - 5.2(1 - ^r'g oF2-Hi- ■^iRF,,F,: 



-5',p' 



^ [ \\didi,{l - A)-'g o (F2 + t(Fi - F2)) • {Fl - F^) ■ Hi ■ m{RF,,FM-S',v'dt 
Jo 

^ C [ \\dAA^-A)-'go{F2 + t{Fi-F2))-Hi-^{RF„FM-5',p"-\\Fl-F^\\s',r,dt 
Jo 

^ C\\didi,il - A)-'g\\^s",p"' ■ \\Fi - F2\\s',rs, (35) 

and, noting the LJ!J,(]R^) boundedness of di-^^di^{l — A)"-*^, this is further dominated by 
C||(7||_5"y' ■ ||Fi — F2\\s',r3- Thus Combining fl33|) . flMl) and fl35|) . we have 

\\g o Fi ■ H - g o F2 ■ H\\_(^i+s'),p 

^ C'i||(7||_(i+5//)y/ ■ ||Fi — F2\\2+S',ri + ^^2 US' II -(5',p"' " ||-^1 " -^2||l,r2 
+ C'3||5'||-5",p"' • 11-^1 — -^2||(5',T-3- 

This completes the proof of the lemma. D 



Remark 3.8. In the proof of Lemma 3/7_, the reason why we make use of the integration 
by parts formula rather than a direct use of the mean value theorem, is to ensure that 
"^{Rfi^f^) ■ Hi satisfies the condition (ii) of Lemma \3.5\ 

Proof of Theorem \3.1{ Since 0</3<aA(l + 5) — 1 — d/q, we can choose 1 < q'" < q" 
and Q < 5" < 5' < 5 such that 5" — /3 > d/q'" . Hence by Lemma 13.41 we have 

X -^ (1 - Af'H, G L^'^',, (M'^) (36) 

is bounded and continuous, where 1/p'" + 1/q'" = 1. Hence by Lemma [3.71 and f[36l) . we 
can find C > such that 

11(1 - Af/X oFi-H-{l- Af/X o F2 ■ H\U,p 

^ 11(1 - Af/^6^ oFi-H^il~ Af/^5, o F2 ■ H\\_^i^s'),p 

^ C'IKl — A) 6x\\-{l+5"),p" ■ \\Fi — F2||2+5',ri 
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+ C||(l-A)^/2^,,||_5>"'-||Fl-F2||l,r, 

+ C\\{l-^Y/H,\U",p"'-\\Fi-F2\\s>,r, 

^ C||Fi — F2||2+5',ri + C^Fi — -F2||l,r2 + C^Fi — F2^5' ,T3- 

The proof is thus completed. D 

Similar to the proof of Theorem I3.H by Theorem 12.101 we have the following theorem 
which shows that the condition if, Hi,H2 G ©^"^ can be improved to H, Hi,H2 G D^^^s . 

Theorem 3.9. Let 5 = k + a, k e N, < a ^ 1. Suppose that H,Hi,H2 : B ^ [0, 1] 

and Fi,F2 : i? — t- M'^ are Wiener junctionals such that 

(i) Fi,F2eD--,(M'^); 
(ii) H,Hi,H2eB^-^^_ with 

1 + EH2[\\DliaH2\\^f^] < oo for every p^l, 

such that Hi = 1 on the set {H ^ 0} and H2 = I on the set {Hi 7^ 0}; 
(iii) there is a measurable set A such that H2IA = and Fi,F2 are nondegenerate a.s. 
on the set A'^. 

Then for 1 < p < 00, 

r. n /. , a , ^ d 1 1 ^ 

0</3<aA(l + k + 



2^+2 q' p q 

and for every p' , p" , q' , q" , ri, r2 and r^ satisfying 1 < p < p' < p" < 00, 1/p' + 1/q' = 1, 
1/p" + 1/q" = 1, ri > qq'/{q — q') and r2 > r^ = q'q"/{q' — q") = p'p" /{p" — p'), 
P + d/q" < 5' < k + a /2^^'^ < 5 and 5' ^ a — 1, we can find a positive constant C which 
may depend on Fi, F2, a, (3, 6, 6' , p, p' , p" , ri, r2 and r^ such that 

11(1 - ^Y'H, oFi-H-il- A^/X o F2 ■ H\U^, 

^ C\\Fi - F2\\2+5',r, + C\\Fi - F2\\l,r, + C\\Fi - F2\\s',r,. (37) 

4. Convergence rate of density of the Euler scheme for non-Markovian 
stochastic differential equations: applications of theorem 13.11 

In this section we study the convergence rate of density of the Euler scheme for non- 
Markovian stochastic differential equations. Before proceeding, we introduce some nota- 
tions and notions. Given compact metric spaces Mi, ■ ■ ■ , M ^ and real separable Hilbert 
spaces El,--- ,Ed and E, let fc ^ 1 be an integer and C^{C{Mi; Ei)(g)-- -®C{Md, Ed); E) 
be the class of continuous F : C{Mi;Ei) ® ■■■ ® C{Md]Ed) -^ E such that for any 
multi-index a = (ai, ■ ■ ■ , ad) with 1 ^ \a\ = ai + - - - + ad ^ k and any Qj G C{Mi\ Ei), 
1 ^ i ^ d, ^ j ^ ai, the map 



(^i,---,<,---,^i,---,OeRH^F 



: isC* 

V 9o + E;=i x'^9^ J 
there is a continuous 

F(") : C{Mi; Ei)®---(^ C{Md; Ed) -^ Hom{C{M"; E^"); E) 
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for which 



g. ^ 



dx\ ■ ■ ■ dx]^^ ■ ■ ■ dxf ■ ■ ■ dx'l 



ad 



\9o + T.%i^'l9j J 



^"d " 



9l 



F^"^ : (^i'(*i,i)®---®^ai(*i,«i)®---®^i(*-i,i)®---®<Kaj);(3^ 



Xa 



9t 
and, for any ^ |a| ^ A;, there exist Cq, < oo and Aq, < oo such that 

11-^ I : I \\Hom{C{M'^;E'^J-^);E) ^Ca{l + 2_^\\9'\\c{Mi;Ei), 

\gd j ^=0 

ioTg'eCiMi;Ei),t = l,--- ,d. 

For any p > 1, let ^q be the class of continuous progressively measurable functions: 
^ : [0,T] X B ^ E such that 

sup umEEh^. 

For every integer k ^ 1 and any p > 1, let ^^ be the class of ,^ G ^q such that ^(t) G 3^{E) 
for each t G [0, T] and j = 1, ■ ■ ■ ,k, furnished with the norm 



U\\k,p,T;E ■= 5Z W J^^Pj\^^^(^)\\H'^mE\\LP <00. (39) 

Finally, we define Q"^' by 






^r=n n ^i 

k^O l<p<oo 

Now we introduce the Euler scheme for SDK ([2]). Let T > be a fixed time horizon, 
and let T/n be the discretization step for every integer n > 0. Set X„(0) = x and for 
kT/n < t ^ {k + l)T/n, X„(t) is inductively defined by 

kT /"* kT kT /"* kT kT 

X„(t) = X„(— ) + / bi — ,Xr,i-A—))ds+ ai — ,X4-A—))dWis). (40) 
n Jkl n n Jkl n n 

n n 

The following definition is taken from [Tl]. 

Definition 4.1. Let 2k ^ "i he an integer and Ei and E2 be real separable Hilbert spaces. 
We say that a function F : [0,T] x C{[0,T]; Ei) -^ E2 satisfies {A2k,Ei,E2) if 

(i) F is measurable, and for each t G [0,T], there is an F{t) G C^^(C([0, t]; i^^i); £'2) 

such thatF{t,ip) = F(t)(^|[o,i]) for all ^j G C([0,T];Ei); 
(a) for each integer ^ n ^ 2k, there exist C„ < 00 and ■jn, where 7^ = 1 for n = 

and 7n = for n ^ 1, such that 

for all te [0,T] and tp G C{[0,t]; Ei); 
(Hi) for each integer ^ n ^ 2k, there exists C„ < 00 such that 

Wm^^'Hi^Mm-) - FisY^\i')i9\[o,sY^)\\E. ^ Cn\t - s\'/'il + ||^||c([o,T];i.o) (42) 
forallt,se [0,T], ^ G C([0,T]; Ei) and ^ G C([0,T]"; Ef"). 
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We shall make use of the following assumptions. 

(A.I) a : [0,T] x C([0,T];M'^) ^ M"' O M*" satisfies the condition A2k,M.d,M.dm- and h : 

[0, T] X C([0, T]; W^) -^ M'^ satisfies the condition Aafc^Rd^Rd; 
(A. II) o" is bounded and uniformly nondegenerate, i.e., there exists a constant c > such 

that a(t,(^) ■ a*{t,^) ^ c- I, where (a(t,(^) ■ a*(t,(^))^^' = ELi ^U^. V^)^fc(^. <^). 

i,j = I,--- ,rf, for alHG [0,T] and (^ G C([0,T]; M'^). 

We can now state our main results. 

Theorem 4.2. Suppose that the coefficients {o',b) of SDE ^ satisfy (A.I) and (A. II). 
Then for any p > 1, we have 

SUp||X„(-,x)||2fc.p.r;IRd < oo (43) 

and 

||X„(-,x) -X(-,x)||2,,p,T;M^ = Oin-'/'), (44) 

where the norm \\ ■ ||2fc,p,T;R'' ^s defined in (E^j- Furthermore, we also have 

||(detSx(i,..))~ip < oo (45) 

and 

sup||(detSx„(i,x))"lp < oo (46) 

for every 1 < p < oo, t G [0, T]. 

Combining this with Theorem 13.11 we obtain the convergence rate of C,2{x,T,n). 

Theorem 4.3. Suppose that the coefficients {(J,b) of SDE ^ satisfy (A.I) and (A. II). If 
l<p<oo and 0<f3<aA {2k -1)-1- d/q, 1/p +l/q = l, G e B^ and t G [0, T], 
then setting 

Px^it),Giy) = E[G ■ 5y o X„(t)] = EiG\Xr,it) = y)pxMy) 
and 

Px(t),Giy) = E[G ■ 5y o X{t)] = EiG\X{t) = y)pxit){y), 
we have px„it),G e C^(R'^), pxaiG G C7^(K') and 

\\PXn{t),G-Px{t),G\\c^{m'i) = 0(n~^/2). (47) 

In particular, taking G = 1 E D^", we conclude that Px„{t) ^ G^{W^), Px(t) G C^^iW^) 
and 

lbx„(t) - Px(t) llc/SCRd) = 0(n"^/2). (48) 

Furthermore, if Gn, n = 1, 2, ■ • ■ and G are in ©^ and 

||G„-G|U,, = 0(n-^), 

then we have 

lbx„(t),G„ - Pxw,g||c^(r^) = 0(n-(^^i/2))_ ^49) 

Proof. Note that the last conclusion of Theorem l4.2l has the same role as the condition (iii) 
in Theorem 13.11 Then from Theorem 14.21 we know that all the assumptions of Theorem 
13. II are satisfied when applied to Xn{t) and X{t), and so the conclusion follows. D 
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Remark 4.4. It is worth noting that in some particular non-Markovian stochastic differ- 
ential equations such as stochastic differential delay equations the convergence rate of the 
density can be improved to a better result. Indeed, Clement, Kohatsu-Higa and Lamberton 
[7] have obtained the convergence rate of the density for some stochastic differential delay 
equations is 1/n. 

Now we give a proof of Theorem 14.21 Before proceeding, we prepare some propositions. 
In what follows we denote by C a generic constant which can be different from one formula 
to another. For convenience we set kn{t) = k ii kT/n ^ t < {k + l)T/n, and we denote 
Vnit) = kn{t)T/n. 

Proposition 4.5. Suppose that the coefficients (a, h) of SDE ^ satisfy the following 
conditions: there exists Co < oo such that 

||a(t,0) -(r{t,ij)\\Hs(mRr) V \\b{t,(f)) -b{t,'^)\\^d ^ <^o||0 - ^||c([o,i];K<i), (50) 

\\a{t,(j))-a{s,(j))\\Hs(R'^.Rr) V \\b{t,(f))-b{s,(f))U. ^ Co\t - s\'/\l + ||0||c([o,t];R^)) (51) 
and 

lk(t,0)l|H5(M<';M'-)V||6(i,0)||K. ^ Co(l + ||0| ||c([0,t];M'')) (52) 

for every t,s G [0,T] and (f),ip G C([0,T]; R"'). Then we have 

sup E[ sup ||X„(s)fP] < oo (53) 

for allp > 1 and t G [0, T\. Moreover, for every p > 1 there exists a constant C = C{p) < 
oo such that 

sup E[ sup \\Xn{s) - Xn{Vn{s)W] ^ Cn'P (54) 

Osgfc^n-1 fcT^„ (fc+l)T 

for all n. 

Proof. It is well known that the conditions (150|) and (!52|) ensure the existence and unique- 
ness of the solution of SDE (|2]). Since 

X„(t) = X„(r/„(t)) + I b{r]n{s),Xn{- A r/„(s)))rfs + j a{r]^{s),X^{- A r]„{s)))dW{s), 

we have 

X„(t)=x+ / bMs), Xr,i- A rir,is)))ds+ / a{r|r^is),X^{■Ar|r^is)))dWis). 
Jo Jo 

Consequently 

E[sup ||X„(s)fP] ^ 2^P-'E[snp\\ rbMu),Xn{-AVn{u)))duf'] 

+ 2''P-'E[snp II / aMu),Xn{-A7]niu)))dWi 
0^ss:t Jo 

^ 22p-l^2p-l^^^^^ I ^[^^^ g^p \\Xn{u)\\f'']ds 
Jo O^MSCs 

^ 22p-liP-lC2pCo / E[{1+ sup \\XrXu)\\f^]ds 
Jo O^u^s 



u)\\''n 
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Thus by Gronwall's lemma, the proof of the first conclusion is completed. For the second 
conclusion, we proceed as follows. Since 

Xn{t) - XniVnit)) = / 6(r7„(s), X„(- A 7]n{s)))ds + / (T(r7„(s), X„(- A r]n{s)))dW{s), 

Jrin{t) Jri„{t) 

for fixed A;, where A; = 0, 1, ■ ■ ■ , n — 1, using BDG's inequality and (152|) . we have 
E[ sup ||X„(s)-X„(r7„(s))fP] 

fcT^„^ (fc+l)T 

^ 22P-iE[ sup II /%(r/„(M),X„(-Ar7„H))rfMfn 






+ 22P-1E[ sup 11/ a(r/„(M),X„(-Ar7„(n)))dW^(n)fP] 



n "^ n 

(fc+l)T 



< 2'P-'n-'P+' E[\\b{7^4s),X4-AVn{sm\'^]ds 



kT 

(fc+l)T 



22p-i^-p+i^^^ / E[\\a{r^^{s),X^{- Ar^n{s)))f^]ds 



^ dn-^P + Can-P, 

and the proof is completed. D 

Proposition 4.6. Suppose that the coefficients {cr^h) of SDE ^ satisfy the conditions of 
Lemma \4 ■ 5\ Then we have 

(E[||X„-Xr^(j„_^,^^,)])i/^ = 0(n-i/2) (55) 

for all p > 1 and t G [0, T] . 

Proof. 

X„(t)-X(t) 

= Xn{r]n{t))~X{7]n{t))+ I h{7]n{s) . Xn{- A 7]n{s)))ds - f b{s,X{-))ds 

Jrin{t) Jrinit) 

+ I a{r]n{s),Xn{- A 7]n{s)))dW {s) - I (t(s, X{-))dW{s) 

= Xr,{r]n{t))-X{7]n{t))+ f {b{s,Xn{-))-b{s,X{-)))ds 

Jrin{t) 

+ I (a(s,X„(-))-a(s,X(-)))cilV(s) 

where 

A^„(t),t := / (6(r7„(s),X„(-Ar/„(s)))-6(s,X„(- Ar/„(s))))rfs 

+ I {b{s, X„(- A r]n{s))) - b{s, X^{-)))ds 

•JVn{t) 
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+ / (a(r/„(s), X„(- A r]n{s))) - (j{s, X„(- A r],,{s))))dW{s) 

Jrin{t) 

+ / (a(s,X„(-Ar/„(s)))-a(s,X„(-)))rfIV(s). 



Repeatedly using the above formula, we obtain 

X^{t)-X{t) = [ {b{s,Xn{-))-b{s,X{-)))ds 
Jo 





+ [ ia{s,X,,i-))-ais,Xi-)))dWis) 
Jo 

kn{t) 



+ / AfcT (M 



fc=o 



Then using BDG's inequahty and f l50l) . we have 



k„{s) 

2pi 



^ Ci / E[\\Xn-X\\l^, .^Ms + C2E[ sup \\y^ A kTik+iK 

Jo ^^ ' '' ' O^ssCi ^ " ' " 

For the last term we proceed as follows. First we have 

knis) 

E[ sup II Y, ^hT^o,±mjn ^ C{Ai + A2 + A3 + A4), 



fe=0 



where 



Ai = E[SUP \\ {b{7]n{u),Xn{-AVn{u)))-b{u,Xn{-AVn{u))))dun 

Oiis^t Jo 

A2 = ^[ sup II r(6(n,X„(- A //„(«))) -6(n,X„(-)))rfMfP], 
os;s^t Jo 

A3 = E[ snp \\ [ {a{7]n{u),Xn{- A Vn{u)))-a{u,Xr,{- A 7]n{umdW{u)n 

OsCs^i Jo 

A4 = E[snp\\ [ {a{u,X^{-Ar]n{u)))-a{u,Xn{-)))dW{u)n 

Ofis^t Jo 

In view of BDG's inequality and f lHT]) . the terms Ai and A3 are dominated by Cn~^. Next 
we estimate the term A4. In view of BDG's inequality and (l50l) . we have 

A4 = E[snp\\ [ {a{u,Xr,{-AVn{u)))-a{u,Xr,{-)))dW{u)f^] 

^ C2ptP-i / E[\\a{s,Xn{- Ar]n{s))) - a{s,Xn{W]ds 
Jo 

^ C2pCotP-' I E[snp \\Xr,{u Ar^rXs)) - Xn{u)f'']ds. 

Jo O^MsgS 
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By Proposition I4.5[ the above expression is dominated by C'n ^, where C = C2pCoCt^. 
The term A2 can be estimated similarly. Thus combining the above estimates, we have 

Then the proof is completed by the Gronwall's lemma. D 

We denote by D\F^t G [0,T],j = 1, ■ ■ ■ , r, the derivative of a random variable F as 
an element of L2([0,T] x B;W) = V{B;H). Similary we denote by dIH^.J^F the n-th 
derivative of F. Before the proof of our main proposition, we need the following lemma. 

Proposition 4.7. Suppose that the coefficients (a, 6) of SDE ^ satisfy the assumption 
(A.I), then for any p > 1, we have 

SUp||X„(-,x)||2fe,p,T;Rd < 00. (56) 

Proof. We only give a proof of the case of the first order derivative, and the cases of higher 
order derivatives can be given in a similar way. By results in Kusuoka and Stroock [1^ . 
we have 

D^Xi^it) = D^X;(r^„(t)) + a}(r/„(r),X„(-Ar^„(r)))l(,„(,),](r) 

+ / {bT''iVn{s),X^{- Ar]^{s)))DiX':^{* A7],,{s))ds 

(a,rH^n(s), ^n(- A Vnis)))DiX^{* A r]^is))dWisy, 

where (6*)°* and (o'l)"'' are defined in (155]1 . a^ = (0, ■ ■ ■ , 0, 1, 0, ■ ■ ■ , 0). Repeatedly using 
the above formula, we have 

fc„(t) 
DiXi^it) = J2a}{vn{r),X^{-AVn{r)))\^i,±m^{r) 

fc=0 

+ / (&TH^n(s),X„(- Ar7„(s)))D^X^(* Ar/„(s))t/s 



+ {a\r-{nn{s),X^{- Nnn{s)))D]Xl{^ Nn^{s))dW{s) 







Thus using BDG's inequality and fHTl) . we obtain 



sup sup E[sup \DlXn{s)\'^\ < oo 

for all p > 1, t G [0, T] and j = 1, ■ ■ ■ , r. The proof is thus established. D 

Proposition 4.8. Suppose that the coefficients (a, h) of SDE ^ satisfy the assumption 
(A.I), then for any p > 1, we have 

||X„(-,X) -X(-,x)||2fc,,,T;R^ = 0(n-V2). ^57) 

Proof. First by results in Kusuoka and Stroock [IA\, we have 
DiX\t) = D^X^(r^„(t)) + a}(r,X(-))l(,4*),](r) 

+ f {hT^{s,X{-))DiX\*)ds+ I {a\r'^{s,X{-))DlX\*)dW{sy 
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and 

+ [ {bT'{Vn{s),Xr,{- AVn{s)))DiX':^{* AVn{s))ds 

(a;rH^n(5), X„(- A 77„(s)))D^X„^(* A r^n{s))dW{s)K 

Thus we have 

DiXl^it) - DiX\t) = DiXi^Mt)) - DiX\r^r.{t)) 

+ ai(r7„(r),X„(-Ar7„(r)))l(^„(i),i](r)-ai(r,X(-))l(^„(i),i](r) 

+ / {bT''{Vn{s),Xn{- Ar]n{s)))DX{* Ar]^{s))ds 

{VY'^{s,X{-))DiX\*)ds 
+ I {a\r'{Vn{s).X^{- AUs)))DlX':,{* Ar^n{s))dW{s)' 

Jrinit) 

{a])^''{s,X{-))DlX\*)dW{s)' 

'Vn{t) 

DiXi^iUt)) - DiX\Ut)) 

{br''{s,X{.)){DiX'^{*)-DiX\*))ds 

+ f {air>'{s,X{.)){DiX'M-DiX'^i*))dW{sy 

where A^^(()((r) denotes the remaining terms. Repeatedly using the above formula, we 
obtain 

DX{t)-DiX\t) = f{Ur{s.X{.)){DiXt{*)-DiX\*))ds 

Jo 

+ [\a\r{s,X{.)){DiX'S*)-DiX\*))dW{s)' 
Jo 

kn(t) 

n ' n 

fc=0 

{Ur{s,X{.)){DlXl{*)-DiX\*))ds 



\at)'^''{s,X{.)){DlX'M-DiX\*))dW{s)' 


9 

m=l 
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where 



kn{t) 



Ai(t,r 
Mt,r 

A6(t,r 
Ag{t,r 






fc=0 

t 



iibT''iVnis),Xr,i- AVnis))) - ibTKs,Xni- AVnismnXi* An^is))ds, 

{bT'^is, X„(- A Vn{s))){DX{* A Vn{s)) - Di.X^X*))ds, 

{{br'{s,x4-AUs))) - {br''{s,x^{.)))Dix',{*)ds, 
■((6rH^,^n(-)) - ibr''is,xi.)))DXi*)ds, 



o- 



ir'^is, X^{. A UsMDiX^i* A vn{s)) - DiX'^{*))dW{s) 



{{air^{s,Xr,{. AUs))) - {air{s,X^{.)))DiX'^{*)dW{sy, 



{{air{s,X4.)) - {air''{s,X{.)))DiX',{*)dW{sy. 



Then by BDG's inequahty for Hilbert space valued stochastic integrals (cf. [TU Lemma 
2.1]) and Assumption (A.I), we have 

E[sup WDX'Ut) - DX\t)f^] 
= E[ sup ( / p.X;(t) - DrX\t)fdry] 

O^t^T Jo 

^ 3'^~'E[ sup ( r( [\br''is,X{.))iDiX':i{*)-D^^X\*))ds)'drr] 

Os:is£T Jo Jo 

+ 3^P-'E[ sup ( / ( / iair>'{s,X{-)){Di.X^{*)-DiX''{*))dW{syYdrY] 

OsgtsCT Jo Jo 

+ 32^-iE[sup(/ iTAUt,r)fdry] 
o^t^T Jo „^i 

^ C, [ E[snp\\DX^is)-DXis)fy;^^,]dt + C2TE[snpi[ iAUt,r)ydrn 

m,=l 



Let 



S^ := E[ sup ( / (A^(t, r)Ydry], m = 1, ■ ■ ■ , 9. 

OsCisgT Jo 
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Then to complete the proof, we just have to show each of nine terms S^ are dominated 
by Cn~P. We first observe that 

{a]Mr),Xr.i- AVnir))) - a]ir,Xi-)))'dr 



^ 3 /(a}(r7„(r),X„(-A77„(r)))-ai(r,X„(-Ar7„(r))))2dr 
Jo 

+ 3 /(a}(r,X„(-Ar/„(r)))-o-i(r,X„(-)))'c/r 
Jo 

+ ?> f\a]{r,X^{.))~a]{r,X{.))fdr 
Jo 

^ 3TC2(l + ||X„(-)||c;([o,T];iR^))'^~' + 3C2 / sup |X„(u A r7„(r)) - X^H^rfr 
+ 3C2 / sup \Xn{u)-X{u)\^dr. 

Jo O^Msgr 

Then in view of Proposition 14.51 and Proposition 14.61 we have 

rp kn{t) 

Hi = E[snp{ (y2\^](rin(r), XJ- A vJr)))l,kT (k+i)T ^Jr) 

OsCisJT Jo ^^ ^ n ' n J 

- a]{r,X{.))l^ ,,^ ir)]rdrr] 

^ n ^ n. ' 



+ 3P-^3PrP-iCo'^ / E[ sup \Xn{u A r/„(r)) - Xn{u)\''^]dr 

Jo O^Msgr 

+ 3P-I3PTP-IC0P / E[ sup |X„(u) - X{u)\'^P]dr 

Jo OsCMsgr 

^ Cn-P. 

Next we estimate the terms S2, S4, S5, Sg, Sg and Sg. Using BDG's inequahty for Hilbert 
space valued stochastic integrals, ( HT1) . Proposition 14.51 and Proposition 14. 7[ we obtain 

Hg = E[sup(/ (/((a,rH^,^n(-Ar/„(.)))-(an"H^,^n(0))^^:^n(*)rfm^)?rf^)1 
o^ts;T Jo 7o 

^ C^pT^-^ ri5[( j\{{a\r{t,X^{.AUt))) - {a\r>^{t,X^{.)))DlX^X*)fdrr]dt 
Jo Jo 

^ C2,T'^-' r f E[{{{a\r{t,X^{.Ar^^{t))) - {a\r{t,X^{.)))DlX^^{*)f^]dTdt 
Jo Jo 
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Jo O^s^t 

^ C2pCiC'T^Pn-P. 



The term S4 can be estimated similarly. Using BDG's inequality for Hilbert space valued 
stochastic integrals, fHT]) . Proposition 14.61 and Proposition 14.71 we have 

Sg = E[SUP ( r( AK)"H^,^n(-))-K)"H^,^(-)))^^:^'(*)rfW-(^)?rfr)^] 

o^ts;T Jo Jo 

< C2pT^^' f E[{ f {{{<y]r{t.X^{-)) - {<y\r{t.X{.)))DiX'S*)fdrY]dt 
Jo Jo 

Jo Jo 

^ CapCiT^P-i /" E\sn^ \\Xn{s) - X{s)fP]dt 
Jo Os;ss:t 

^ C2pCiCT^Pn-'P . 

We can apply the similar way to estimate the term S5. In view of BDG's inequality for 
Hilbert space valued stochastic integrals and (j^2l) . we can also obtain that the terms S2 
and Sg are dominated by Cn~'P. Finally we deal with the terms S3 and S7. Since 

DiX\{t) - DlXl^{r^^{t)) = ai.(r^„(r),X„(-Ar/„(r)))l(,„(,),](r) 

+ / {hT'{'nn{s),Xr,{- A7]n{s)))DiX'^{* Ar]rXs))ds 

Jri„{t) 
Jri„{t) 

using BDG's inequality for Hilbert space valued stochastic integrals and (HTl) . we have 

= i?[sup (/ { [\air'^{s,X^{- AUsMDXi* AUs)) - D^rX'^{*))dW{syrdrr] 

^ C,,C,TP-' [ E[{[ {{air{t,X^{.AVn{tmDiX'^{*^Vn{t))-DiX'M))'drr]dt 
Jo Jo 

JO Jo 

^ S^P-iCspCiT^-^ / i5;[( / sup \a^Mr),X^i-Ar]^ir)))^r,„is),sM'dry]dt 
Jo Jo »?n(t)s;ss£t 

+ 3^P~'C2pCiTP-' [ E[{[ sup iT ibTiVniu),Xr.i-AVniu))) 

Jo Jo 5?n(i)^SsSt Jvn{s) 

DiXii* A r]r,{u))du\'^dr)P]dt 
+ S^P-iCspCiT^-^ / i?[( / sup if iafr'Mu),X^{-AriM)) 

Jo Jo J?n(t)s;ssSt "'»7n(s) 
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DlX'^i* A r]M)dW{u)fdrY]dt 

'■= C{^Yi + ^72 + ^73). 

For the term S71, we proceed as follows. We notice that 



sup \aj{r]n{r),Xn{- Arin{r)))l^r,,,{s),s]{r)\ dr 



[\a^{Vn{r),X4-Ar^4rm']dr 

Vn{t) 

< C^{1+ sup \Xn{uA7]4r))\yn-\ 



Then we obtain 

H71 ^ TCo'^^[(l + sup |X„(nAr7„(r))|)2P]n-P^Cn-^ 

Now we consider the term S73. By BDG's inequality and Assumption (A.I), we have 



--73 

r-T rT rs 



I I E[ sup if {a^r^{7]M.Xn{-Ar]M))DlXl^{*Ar^n{u))dW{u)f'P]drdt 

Jo Jo »?n(t)^ss£t Jrin{s) 

^ C2pTP-'n-f+' [ [ [ i?[|(af)"'(r7„(s),X„(-Ar7„(s)))D^X;(*Ar7„(s))|2p]rfsrfrdt 

^0 Jo Jrin{t) 

^ C2pTP-^n-P^^ f f f E[ sup \Di.Xi^{u)\^P]dsdrdt 

Jo Jo Jrin(t) Oiiu^rin{s) 

A similar estimate holds for the term S72. The term S3 can be estimated similarly. Thus 
we have shown 

E[sup \\DXn{t)-DX{t)\\'^^^,]^Ci [ E[snp pX„(s) - DX(s)|| I^Jdt + ^2^"^. 

Then by the Gronwall's lemma, we have 

E[ sup ||DX„(t) - DXit)f^^^,] ^ Cn-". 
osctsgr 

For the case of higher order derivatives, we proceed in the same way. The proof is therefore 
completed. D 



Now we are ready to give the proof of Theorem 14. 2[ 

Proof of Theorem \4.S\ The conclusions (jUj) and (l44l) have been proved in Proposition 14.71 
and Proposition 14. 8[ respectively. So it remains only to prove (H5|) and (H6l) . Since 

X„(t)=x+ / b{r]n{s),Xni-Ar]nis)))ds+ / a{r]nis),Xni-A7]nis)))dW{s), 
Jo Jo 

we can rewrite it in the following form: 

Xn{t)=X+ / bn{s,Xn{s))ds+ / (T„(s, X„(s))diy (s). 



^0 
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where 

bn{s, Xn{-)) := 6(?7„(s), X„(- A r]n{s))) and (T„(s, X„(-)) := a(r7„(s), X„(- A ?7„(s))), 

and the coefficients (cr„, 6„) also satisfy the uniform eUiptic condition. Thus by [14. The- 
orem 3.5, Corollary 3.9], we obtain the nondegeneracy of X(T) and X„(T) . Therefore 
we complete the proof. D 
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